SEMICROSSED PRODUCTS GENERATED BY TWO 
COMMUTING AUTOMORPHISMS 
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Abstract. In this paper, we study the semicrossed product of 
a finite dimensional C*-algebra for two types of Z+-actions, and 
identify them with matrix algebras of analytic functions in two 
variables. We look at the connections with semicrossed by Z+- 
actions. 



1. Introduction 

The study of semicrossed products with respect to Z + -actions was 
begun in and higher dimensional actions have also been con- 

sidered (e.g., jSj). In this note we continue the program of jlj, [T], 
and |2j, which studied Z + -actions on finite dimensional C* algebras, to 
the case of Z+-actions. 

For a transitive action a on a finite set X, card(X) = k, the crossed 
product Zx„ C(X) is M k <8> C(T). The semicrossed product, which 
is the closed subalgebra corresponding to nonnegative powers of the 
automorphism, is not M k ® A(B>) (where A(V>) is the disk algebra), but 
rather a proper subalgebra (cf section |2J. For a transitive Z 2 -action on 
X, the crossed product is M k ® C(T 2 ), and the semicrossed product is 
a matrix algebra of bianalytic functions, which is a proper subalgebra 
of M k <g> A(D 2 ), (where A(\D) 2 ) is the bidisk algebra), card(X) = k. 

However, different transitive actions, though having the same C*- 
crossed product, may give rise to nonisomorphic semicrossed products. 
In fact, we exhibit two transitive Z 2 -actions a, a' on a finite set X for 
which the semicrossed products are not isomorphic. 

In Proposition 14.31 we show that if a = (01,02) is a Z 2 -action on 
X, card(X) = k, then the semicrossed product with respect to the 
action on C(X) is the norm closure of the algebra generated by 

zP h wP 2 , DeV, 

where Pi is the k x k permutation matrix associated with <jj, i — 1,2, 
and T> is the algebra of diagonal matrices in The closure is in 
M k ®A(B 2 ). 
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Ideally, a classification theorem for these Z 2 -actions on X would es- 
tablish necessary and sufficient conditions for two semicrossed products 
to be (completely) isometrically isomorphic, in terms of some invariants 
of the permutation matrices. Such a theorem has not been achieved 
here. Our results, which enable us to distinguish the semicrossed prod- 
ucts coming from certain (non-conjugate) Z 2 -actions, are obtained by 
computing the codimensions of maximal ideals of the algebra. 

One of the main theorems for semicrossed products of the form 
Z + x a C(X) (for X a compact metric space) is that two such semi- 
crossed products are isomorphic if and only if the actions are conjugate. 
For Z 2 -actions, the question is open. The work here lends support to 
the conjecture that the analogue of the theorem for Z-actions may hold 
for Z 2 - act ions as well. 



2. Some matrix function algebras 

We will let D be the open unit disk, and D 2 = D x D, the bidisk. 
A{D) will denote the disk algebra, the subalgebra of C(D) of functions 
which are analytic on the interior of D, and ^4(0 2 ) the bidisk algebra; 

2 

i.e., the subalgebra of C(D ) of bianalytic functions. We recall the 
matrix algebras of analytic functions studied in jlj: 

oo 

Bk = {(^)g= : h e MB), U - J2 a n i)zKi ' j)+nk } 

n=0 

where G {0, . . . , k — 1} and = i — j[modk}. Note we are 

labeling the matrix entries from to k — 1 rather than from 1 to k. 

For k G Z + , let A k denote the subalgebra of A(B>) whose nonzero 
Fourier coefficients are multiples of k. Then the algebra takes the 
form 

zA k \ 
z 2 A k 

\z k ~ l A k z k ~ 2 A k ■■■ A k J 

The algebras B k were first studied in jl] and later in [I] , j2] , arise as 
semi-crossed products of actions of Z + on C k . 

Next we introduce a two variable analog of this algebra. 



(1) 



/ A k 

zA k 



z k ~ l A k 
A k 
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oo 

m,n>0, 
m+n=l(i,j)[modk] 

Another algebra which will play an auxiliary role is 

oo 

A k (B 2 ) : = {/ G A(B 2 ) : / ~ ^ W™^}. 

m,n>0, 
m+n=0[modfc] 

Using Fejer's theorem in two variables ([14, vol 2, p. 304]) and 
the fact that Cesaro means of a funtion in A k (D 2 ) are polynomials in 
the same algebra, we see that the polynomials in Ak(V> 2 ) are dense 
in Ak(H> 2 ). Similarly, the subalgebra of Bf-,2 whose matrix entries are 
polynomials is dense in £> fcj2 . 

3. Maximal Ideals 

One of the main tools in studying and distinguishing various matrix 
function algebras is the space of maximal ideals. First we recall (PQ, 
j2]) the maximal ideal structure of B k . Let F — (/y) G B k and < 
t < k — 1. Set 4° :B k -+C, ^(F) = f ioio (0), and for A G D\ {0}, 
set ip\(F) = F(X), that is, ip\(F) is the k x k matrix (/»j(A)). Then 
Jo := ker(-^o°), and J A := ker^x), A G D \ {0} are all the maximal 
ideals of B k . 

To study the maximal ideals of B k ^ we first look at ^(O 2 ). 

Lemma 3.1. A k (JB) 2 ) is a Banach subalgebra of A(B) 2 ) and its maximal 
ideals are of the form 

Nx,, = {f G A k (3 2 ) : /(A,/i) = 0} /or (A,/i) G D 2 . 

Proof. It is routine to check that ^(O 2 ) is a Banach subalgebra. For 
the maximal ideals, let \ be a multiplicative linear functional on ^(IB) 2 ). 
Let A be a fc-th root of x( zk ) an d A* a ^~th ro °t °f x( wfc )- Note that 
has the form u;A/z fc_1 , where u; is a fc-th root of unity. Indeed, 
(x{zw k ~ l )) k = x(z k )(x( U]k )) k ^ 1 — (A/i fc ^ 1 ) fc . Thus, replacing A by uj\ 
we may assume that x{ zw ^) = \{i k ~ l . Then 

X{z 2 w k ~ 2 ) = {xizw^fx^Y 1 = AV fc " 2 - 
Continuing in this way, we have that x{ zTwk ~ r ) = A r /i fc_r , < r < k. 
Hence if p is any polynomial in A k (JD> 2 ), xip) — P{\ /-O- By continuity 
this holds for all functions in A k (H 2 ). □ 
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Remark 3.2. For k > 1, the correspondence between maximal ideals 

2 

and points in the bidisk is not bijective. Indeed, for (A, jj) G ID) and a 
fc-th root of unity, the maps / G ,4fc(ID> 2 ) >-> /(A,//) and / G ,4fc(B 2 ) i-> 
f{uj\,uj^) are identical. Only in the case A; = 1, the bidisk algebra, is 
the correspondence bijective. 

Next we identify the maximal ideals of B kj 2- Let F = (fij)i~= G £^2- 
Observe that the map F \— > F(0, 0) maps F to a k x k matrix which 
is zero except along the diagonal. Thus if we fix £, < £ < k — 1, the 
map 

^:B* >2 ->C, ^(F) = /«(0,0), F = (/«)?=£ 
is a (nonzero) multiplicative linear functional, and hence fcer(^o) is 
a maximal ideal. We will call this ideal "of zero type" and denote it 

by ^(o,o) ■ 

2 

A second type of mapping is parameterized by (A,/i) G D \{(0, 0)} 
and takes the form 

V'Aj/u : ^fc,2 -> -Mfc, ipx^(F) = F(\, n). 
By this we mean of course that each of the component functions 
of F is evaluated at the point (A,//). It is routine to check that this 
mapping is surjective and multiplicative. Thus ker{jp\^) provides us 
with another type of maximal ideal, which we denote J{\,n)- 

Proposition 3.3. Let J be a maximal ideal of B k ,2- Then either 

J = J{\,(i)i for some (A, /i) ^ (0,0) in the closed bidisk, or 

J = J(o,o) f or some t e {0, . . . , k - 1}. 

Proof. Let e^, < i, j < k — 1 be matrix units for M. k . That is, is 
the matrix which is 1 in the position, and zero elsewhere. Since 
J is proper, it cannot contain all the en, for then it would contain the 
identity. We will assume J does not contain e 00 <g> 1; the other cases 
are similar. 

For any F — (fy) G J we have 

(e 00 ® l)^(ejo ® z J ) = e 00 ® ^/oj, 
so e 00 ® z J foj G B k ,2JB k ,2 = J- 
Similarly, eoo <S> foj G J . Also, 

e 00 ® * fc+J ' _ %- = (eoi ® ^-^^(ejo ® G for G {0, . . . , fc - 1}. 
Similarly, e 00 ® w^^fy € ^- 
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Consider the closed ideal X in ^(O 2 ) generated by 

z j f 0j , w j foj, z fc+i-i /ij and w k+i ~ { fij for < i, j < k - 1, 

and where the are the entries of an F = (/^-) as F ranges through 
J . Note that eoo ® X C J". Since by assumption J does not contain 
eoo <£> 1, it follows that 1 ^ X, and X is proper in ^(IB) 2 ). By Lemma 

, X C {/ G ^(D 2 ) : /(A, y) = 0} for some (A, y) G © 2 . 

If (A,/i) = (0,0), then ,7 C Jq Q . Indeed, elements of J® have the 
same components as elements of B kj 2, except for the (0, 0) component. 
As J is maximal, this forces J = J7~ . 

If A ^ and F = G J, then X j f oj (X, fi) = and A fc+J '-%(A, ^) = 
0, which imply F(X,fi) = 0. Similarly, if /x ^ 0, we conclude F(A,/i) = 
0. But then ,7 C and so by maximality J = Jx^. □ 

4. Semicrossed Products by Z^-actions 

Let A be a C*-algebra, and Aut(A) the group of star automorphisms 
of A. An action a of Z 2 on A is a (group) homomorphism from Z 2 to 
Aut(A). The triple (A, Z 2 ,a) is called a C*- dynamical system. In 
the case of Z 2 , a defines two commuting automorphisms of A, a± = 
a(l,0), «2 = a(0, 1). Conversely, any two commuting automorphisms 
of A define a Z 2 - action a. 

We briefly recall the crossed product and semicrossed product con- 
structions. (E.g., see 0, [7] for more details.) Let 

l\Z 2 ,A,a) = {F : Z 2 ^.4, such that \\F(i, j)\\ < oo}, 
equipped with the usual multiplication 

(Sij (g) f)(5 kl ®g) = 5 i+k>j+ i <g> fa(i,j)(g) = 5 i+k>j+l <g> fa\a J 2 (g) 
and involution 

fa ® /)* = 5-i-j <g> /* 

where f,g £ A, and <Jy ® / denotes the function F : Z 2 — > A which 
takes the value / at the point G Z 2 and zero elsewhere. 

The crossed product, Z 2 x a A, is the completion of ^(Z 2 , A, a) with 
respect to the norm 

||F|| = sup{| |vr(F)| | : 7r a nondegenerate 

star representation of / 1 (Z 2 , A, a)}. 
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The subalgebra ^(Z 2 , A, a) of / 1 (Z 2 ,^4, a) consists of functions F : 
Z 2 — > A such that F(i, j) = if either i or j is negative. The subalgebra 
is not star-closed. The semicrossed product, l^x a A, has been defined 
in other contexts (e.g., p[J) as the completion of the ^-algebra with 
respect to the norm 

||F|| C := sup{| |7r(F)| | : 7r a contractive representation of I (Z+, A, a)}. 

Since nondegenerate star representations are contractive, we have | \F\ \ < 
\\F\\ C . But in this case the reverse inequality also holds. 

Lemma 4.1. For any F G ^(Z 2 ^, A, a), we have \ \F\\ C = \\F\\, and 
consequently T? + x a A is the completion of ^(Z 2 ^, A, a) in Z 2 x a A. 

Proof. Let p be a contractive representation of l l (/L+,A,a). It is then 
also contractive with respect to || • || c , and hence it can be extended 
to a contractive representation of 1? + x a A. By Ling and Muhly |3] p is 
completely contractive, and by Arveson-Stinespring theorem JHJ, there 
exists a C* dilation p. If p acts on the Hilbert space TC, and p acts on 
/C, there is an isometry V from TC into K, such that p(F) = V*p(F)V. 
Hence, ||p(F)|| < \\p(F)\\ < \\F\\. 

It follows that ||F|| C < □ 

4.1. Canonical representations of semicrossed products. By Ped- 
ersen Theorem 7.7.7, and the fact that Z 2 is amenable, it follows 
that the full crossed product coincides with the reduced crossed prod- 
uct. Hence if (tt, TC) is a faithful representation of A, then (n x U, £ 2 (Z 2 , Tt)) 
is a faithful representation of Z x a A, where U : Z 2 — > £(£ 2 (Z 2 , TC))) 
U(s,t) := U(Ul, and Ui(8 m>n <g> h) = 6 m+ i,n <g> /i, and U 2 {5 m , n ® h) = 
o~m,n+i <8> fo- We think of Z7i, t/2 as the horizontal and vertical shifts. 
tt is a representation of .4 on £ 2 (Z 2 , 7i) given by 

7r(a)(<W ®h) = 5 m ,„ (g 7r(a(-m, -n)(o) = 5 m ,n <g> Tiia^ct^a). 

Finally, tt x [/ is a representation of Z^ x Q .4 on £ 2 (Z 2 ,7i) defined 
on generating elements <5jj (g> a by 

(tt x U){5 itj ®a) =n(a)U{U 3 2 . 

In this paper we are concerned with actions of Z 2 on finite dimen- 
sional C*-algebras, and we will identify the resulting semicrossed prod- 
ucts with matrix algebras of analytic functions. We begin with the 
very simplest case, A — C. 

Example 4.2. If the C*-algebra A = C, the actions a±, a.2 are trivial. 
Take tx to be the identity representation of C on (the Hilbert space) 



SEMICROSSED PRODUCTS 



7 



H = C. Then 7r(a)(£ m , n ®h)= 8 m>n <g> 7r(a)/i. Let W : L 2 (T 2 ) -> 
be the two-dimensional Fourier transform, 

W( x mn z m w n ) = ^ 6 rn,n <8> aw 

The representation Ad o (7? x [/) takes the element X)ij=o ® a n 
in the semicrossed product to the multiplication operator M p on L 2 (T 2 ), 
M p g = pg>, where p(z, w) = X^=o a mnZ m w n , (N E Z + ). It follows that 
the semicrossed product Z+x^C, which is the closure of the set of ele- 
ments of the above form, is identified with the closure of the polynomi- 
als in two variables in the supremum norm, that is, the bidisk algebra, 
^4(D 2 ). Of course the crossed product is the C*-envelope, C(T 2 ). 

Next we characterize the general case of semicrossed products l? + x a C(X), 
where X is finite. Fix an integer k > 1 and let <Ji,<7 2 be two com- 
muting permutations of {0,1, ... ,k — 1}. Let X = {x , . . . , Xk-i} 
and a = (0^1,0:2) the Z 2 -action on A = C(X) given by ai(f)(xj) = 
f(x aiU) ), i = 1,2. 

Proposition 4.3. The algebra T? + x a C (X) is unitarily equivalent to the 
operator algebra on @^zlL 2 {T 2 ) with the generators V\ = zP\, V 2 = 
U1P2, and D(f), f E C(X), where Pi are the permutation matrices 

k-1 k-1 

p* = E e ^o) i = 1 > 2 and D (f) = J2f( x ^ f G c w- 

j=0 j=0 

Proof. Let ir be the faithful representation of C(X) on H = C k , 
n(f)h = (f(x )h , f(x k -i)hk-i), for h = (ho,..., h k -i) E H, f E 
C(X). Then 7? is a representation of C(X) onH = £ 2 {Z 2 ,H), and 

7r(/)(5m,n ® h) = 5 m , n ® n(a?a%f)h. 

Let hj = (0, . . . , 0, 1, . . . , 0), j = 0, . . . k — 1 be the standard basis 
vectors for H, and let W : ®)Z_lL 2 (T 2 ) -> l 2 (Z 2 ,H) be the unitary 
operator given by 

W(0, . . . , 0, z m w", 0, . . . , 0) = s m , n ® v 

where if z m w n occurs in the j th column on the left (with the first column 
corresponding to j = 0) , then j' = o-^ m a 2 n (j). 
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We now calculate 

W*U X W{Q, . . . , 0, z m w n , 0, . . . , 0) = W*C/i(5 m , n ® h f ) 

= W*(S m+l!n ® h f ) 
= (0,...,0,z m+ V",0,...,0) 

where the term z m+1 w n appears in the 0i(j) column. In other words, 
W*U,W = z(Z )Zl e h = zP 1 = V,. 
Similarly, W*U 2 W = V 2 . 

Moreover, for / G C(X), and g s G L 2 (T 2 ), j = 0, . . . , k - 1, it is 
straightforward that 

W*Tr(f)W(g , . . • , flffc-i) = (f(x )g , . . . , /(ar fc _i)^ fc _i), 

so that W*n(f)W = D(f). 

□ 

Example 4.4. Let o\ = a 2 = a = (k — 1 k — 2 ... 1 0) be the forward 
shift on {0, 1, . . . , k — 1}. Then 





f 


... 


1\ 




1 


... 





Pi = P2 = 





1 ... 







\o 


1 


0/ 



It is straightforward to verify that the algebra generated by V\ = 
zPi, V 2 = wP 2 , and the set of all diagonal matrices generate the subal- 
gebra of Bk, 2 for which the functions are polynomials in z,w. Thus 
if a%,a 2 are the automorphisms of C(X) corresponding to 01,02, it 
follows from Proposition 14.31 that the semicrossed product Z 2 h x a C(X) 
is isometrically isomorphic to Bj-,2- 

Corollary 4.5. Let A = M n ® C(X) and a = (ai,a 2 ) be as in the 
previous example, so a>i(B ® f) = B® oii(f), i — 1,2. Then I? + x a A is 
isometrically isomorphic to M n <S> Bk t2 ■ 



Proof. Clear. 



□ 



Remark 4.6. In Example 14.41 and in the Corollary the condition 'iso- 
metrically isomorphic' can be replaced by 'completely isometrically iso- 
morphic'. Indeed, this is immediate from the unitary equivalence in 
Proposition 14.31 
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4.2. Tensor products of B^s. As the operator algebras B k were iden- 
tified as semicrossed products by (transitive) Z-actions on C k (cf section 
I2J), it may seem intuitively clear that the tensor product of B k with Bi 
would correspond to semicrossed products by Z 2 'product actions' on 
C fc <g> C £ . We will in fact establish such a result. First, however, we 
examine the maximal ideal structure of these tensor products. 

Realizing the operator algebra Bk (cf section |2J k matrix 

function algebra acting on the direct sum (B^ZqL 2 (T), the algebraic 
tensor product B^Be acts naturally on ©^ = q 1 L 2 (T). The spatial tensor 
product Bk®Bt is the completion of the algebraic tensor product in this 
representation. Alternatively, Bk®Bi can be viewed as the completion 
of the algebraic tensor product in M^t ® yl(© 2 ). 

As before, let ey, < i, j < k — 1 denote matrix units for M k , and 
similarly let e^jt, < i', j' < £ — 1 denote matrix units for Mg. Thus, 
the algebraic tensor product Bk ® Be is spanned by linear combinations 
of elements of the form 

e tj <g> e Vjl <g> z l - j[mod k)+mk w i'-j'[raod t]+n^ m, nfZ, m, n > 

where as before i — j[mod k] lies in {0, . . . , k — 1} (resp. %' — j'[mod £] G 
{0, ...,£ — 1}. Thus, Bk<£)Be is a kl x H matrix of functions f(ij)(vf) G 
il(D 2 ) whose Fourier series have the form 

m,n>0 

Observe that functions in the diagonal subalgebra of Bk®Bg belong 
to A k (p)®At(p). 

Lemma 4.7. The maximal ideals of j4^(D)®^(D) are kernels of the 
evaluation homomorphisms f i— > /(A,/i), (A,/x) G D . 

Proof. This is in the spirit of Lemma IH.ll □ 

As with the earlier Lemma, the correspondence between maximal 
ideals and points in the closed bidisk is not bijective. 

For < i„ < k - 1 and < i' < £ - 1, define : B fc ®B/ -> C 

by ^oo°( F ) = /(wo)(^)(° ) °) ) where F = (/(«)(*'*'))■ Define %l ■ 
B k ®Bi - Mjj, 4^(F) = (/«oio)(*'iO(°.A*)){ylo. ^ao = - 
M fc , $° (F) = (/ ( y)(^)(A, 0))^ , and ^ : B k ®B t M Ws = 

Denote the kernels of these homomorphisms, respectively, by 

^00 > ^O/Lt) 17 AO d,uu 
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Proposition 4.8. Every maximal ideal of Bk®Bi is of the form 
Joo°, J%, 4> or J x „ for A, ^ G D \ {0}. 

Proof. Note that the ^-homomorphisms are all onto simple algebras, 
so their kernels are maximal ideals. 

The proof is similar to that of Proposition 13.31 Let J be a max- 
imal ideal of Bk®Bi. Since J cannot contain the identity, there are 
indices i ,i' Q such that for all F G J, F = (f(ij)(i>j>)), f(i i ){i' i' )) 1- 
Indeed, if that were not the case, so we could find F u i whose ((H), (i'i 1 )) 
component was 1, < i < k — 1, < %' < £ — 1, then we would obtain 

i=k-l,i'=i-l 

^ (en <8> eii V )F ul (eii ® e Vi i) = I e J 

i,i'=0 

a contradiction. 

Without loss of generality, we may assume that for all F G J, F = 
(f(ij)(i'f)), /(oo)(oo) 7^ 1- Let J be the ideal in A k (B)®A e (B) generated 
by {/ = /(oo)(oo), for some F = (/(y)<yj')) G J}. By assumption X is 
proper, so it is contained in some maximal ideal given by evaluation at 
(A,/i) G I 2 . 

If (A,/i) = (0,0) then J C Jqq and hence J = Jqq by maximality 
of J. If (A,/i) = (A, 0) for some A G D\ {0}, we claim J = j£ . Let 
F G J, F = (f(ij)(i>j>)), and select < i, j < fc — 1. From the ideal 
property of J we obtain 

(z k ~ l <g> e 0i <g> e 00 )F(z : > <g> e i0 ® e 00 ) = ^ fc+J "7fo')(oo) ® e 00 O e 00 G J 

whence A fc+J, ~ l /(jj)( o)(A, 0) = 0, and in particular /(ij)(oo)(A, 0) = 0. 
This shows that J C J° , and by maximality of J equality prevails. 
The other cases are analogous. 

□ 

Corollary 4.9. For positive integers k,£,p, k,£>l, the Banach alge- 
bras B Pt 2, Bk®Bi are not isomorphic. 

Proof. £> Pi 2 has maximal ideals of at most two distinct codimensions, 
whereas B^®Bi has maximal ideals of at least three distinct codimen- 
sions. □ 

4.3. Perpendicular actions. In example 14.41 the algebra B^ was 
identified with the semicrossed product Z+x a C(X), where a = (a±, a 2 ) 
in which ai = a 2 was implemented by a cyclic permutation acting 
transitively on X. In this subsection we consider the opposite ex- 
treme: namely, where a = (01,0:2), is implemented by a permuta- 
tion <jj, i = 1, 2 such that a = (o~i, a 2 ) is transitive as a Z 2 action, but 
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neither o~i is transitive, and furthermore the orbits of a±, a 2 overlap 
minimally, that is, in a single point. To state this formally, we make 
the following 

Definition 4.10. Let X be a finite set, <7j, i — 1,2 commuting per- 
mutations on X, and a = (a±, a 2 ) the induced Z 2 -action on X. We say 
that o is a perpendicular action if 

There exist finite sets X 1 , X 2 , cyclic (transitive) permutations Tj on 
Xi (i — 1, 2) and a bijection /i : X — > X x x X 2 such that for all x G X, 

^((7i(a;o)) = (ti(xi),x 2 ), and ft,(<7 2 (x )) = (x x , r 2 (x 2 )), 

where (xi,x 2 ) = h(x ). 

In other words, ho a — r oh, where r(m, n) = r™ x on Xi x X 2 . 

In the language of dynamics, a is a perpendicular action if it is 
conjugate to a product of transitive actions on finite sets. 

While the following proposition is elementary, we are not aware of it 
in the dynamical systems literature. 

Proposition 4.11. Let X be a finite set, o~i (i = 1,2) commuting 
permutations, and a = (ai,a 2 ) the induced l?-action. Then a is a 
perpendicular action if and only if 

(i) For any x, y G X, O* H G y G2 consists of a single point, where 
G* (resp. G y C2 ) denotes the orbit of x under &i (resp., the 
orbit of y under a 2 ). 

(ii) All G x ± (x G X) have the same cardinality, and all O y 2 (y G 
Y) have the same cardinality. 

Proof. First, if a is a perpendicular action it is transitive, and it is clear 
that (i) and (ii) are satisfied. 

Suppose now that (i) and (ii) are satisfied. Observe that a is a 
transitive action. Indeed, if x, y G X by (i) there are m, n G Z such 
that cr™(x) = cr 2 (y); that is y = a{m, —n)(x), which is transitivity. 

Choose x G X and let X x = G x ° and X 2 = G x °. Define a map 
h : X — > Xi x X 2 by h(x) = (yi, y 2 ) where y\ is the unique element in 
qxo n qx^ an( j ig unique element in 0% l H G x °. We show that 
the mapping h is a bijection. 

Injectivity: Let h(x) = h(x'). Then (y±,y 2 ) = {y'i,y' 2 ) where G x ° D 
O x 2 = { Vl } = {y[} = G x ° n G*' 2 . Since the orbits G x 2 and G x ' 2 have 
a point in common, they are equal. Similarly, 0% = O x ± . So we have 
O x [ n G x 2 = G x ai n G x 2 = {x}, and on the other hand G x [ n = 
O x [ n 0£ = {x'}. Hence x = x'. 
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Surjectivity: Let (2/1, y 2 ) G X\ x A 2 . Let z denote the unique element 
in the intersection O y2 fl O^ 1 . As y-i is in O z „ and 7/0 is in O z „ , we have 
0*° n = { Vl } and 0^ n 0*° = {y 2 }. Hence ft(z) = ( yi ,y 2 ). 

Let us now show that the action is perpendicular. Take (2/1,2/2) G 
Ai x A 2 and set 5j := ft -1 o crj o ft, 2 = 1, 2. Let ft, = (fti, ft^); that is, 
hi = 7Tj o ft, where 7Tj is the i th coordinate projection, i — 1, 2. First we 
show that 7T 2 o^i (2/1,2/2) = 2/2- Call z = h~ l (yi, y 2 ). As 0^ = Cai (2) , 

it follows {ft 2 ((Ji(^)} = n OH = °k n S = M*)}- Hence, 

ft2(ci(^)) = h 2 (z). Therefore there is a map T\ : Ai x A 2 — > Ai such 
that £1(2/1,2/2) = (71(2/1,2/2), 2/2)- 

It remains to show that n depends only on 2/1, and hence can be 
viewed as a map X\ — ► Aj. We show that 71(2/1,2/2) = T"i(2/i> 2/2)- 
Let ft _1 (2/i,2/ 2 ) = 2, h~ 1 (yi,y' 2 ) = Since a is a transitive action, 
2/ = cr(m, 71)2; = cr™0"2 (2) for some (m, n.) G Z, 2 . But as we have noted 
above, h 2 (z) = h 2 {o\{z)) and similarly h±(z) = hi(a 2 (z)), so it is an 
action of a 2 that maps z to z', say z' = ^(z). Since a±, o 2 commute, 
<J\{z') = (Ti(er 2 (2;)) = ( cr i(- 2 ))) so that o"i(z'), 01(2:) are on the same 
cr 2 -orbit. Hence, n (2/1, 2/2) = /ii(eri(z')) = r x (2/1,2/2)- 

□ 

Remark 4.12. 1. If cr is a perpendicular Z 2 action which is conjugate 
to a product action 7~i x t 2 on Ai x A 2 and also conjugate to r[ x t' 2 
on A( x A 2 , then card(Aj) = card(A-), z = 1,2. 
2. Is there a version of Proposition 14. 1 ll for topological dynamics? 

Example 4.13. Take A = {0, 1 . . . , 5}, a x = (01 2) (3 4 5) and a 2 = 
(0 3)(1 4) (2 5). Then the conditions of the Proposition are satisfied, and 
with Ai = {0, 1, 2}, A 2 = {0, 3}, and x = we have h(i) — (i, 0), i = 
0,1,2 and h(i) = (i,3), i = 3,4,5. 

4.4. Semicrossed Products by perpendicular actions. Earlier (in 
14. lj) we reviewed the construction of the (semi) crossed product as the 
completion of an £i-algebra in a canonical representation. In the case of 
a perpendicular Z 2 -action, the canonical representation can be taken to 
be a product representation, and this allows us to view the (semi) crossed 
product as the tensor product of (semi) crossed products with respect 
to Z-actions. In what follows we consider (semi) crossed products of 
C(X) where A is a compact metric space. 

Let Aj be a compact metric space, <7j a homeomorphism of Aj, and ctj 
the induced automorphism of C(Aj), ati(f) — f o ai, f G C(Aj), i = 
1,2. Let 7Tj be a faithful representation of C(A,) on a Hilbert space 
Hi. Denote by A(Z, C(Aj), ai) the dense subalgebra of £i(Z, C(Xi), ai) 
consisting of finite sums of the generators ^2 m S z m ® f m . Then, as in 
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[U the (semi) crossed product Z x Q . C(Xj) (resp., Z + x Qi C(Xj)) is the 
completion of X(Z, C(Xj), a^) (resp., X(Z + , C(Xj), a^)) in the repre- 
sentation 7fj x Ui on the Hilbert space Hi = £ 2 (1,,Hi). 

(2) (t?! x C/0 ® (tt 2 x C/ 2 )(if(Z, C^), aO) ® (tf (Z, C(X 2 ), a 2 )) 

= (tti <8> tt 2 ) x U){K(Z\ C(Xi) ® C(X 2 ), a)) 

where a is the Z 2 -action a = (ai,a 2 ), 7Ti <8> ^2 acts of the Hilbert 
space H = H\®H 2 and U(m,n) = U™(g)U£. Since the algebraic tensor 
product C(Xi)(g)C(X 2 ) is dense in C(X± xl 2 ), and 7Ti ®7r 2 is a faithful 
representation of C(XiXX 2 ), it follows that the completion of the right- 
hand side of (J2J is the crossed product Z 2 Xq,C(X), X = Xi x X 2 . 

Proposition 4.14. notation as above, 

(Z x ai C7(X 1 ))g(Z x Q2 C(X 2 )) = Z 2 x Q C(X) 

and 

(Z+ x ai C7(X 1 ))g(Z + x Q2 C(X 2 )) = Z 2 ,x Q C(X). 

Proo/. The completion of (X(Z, C{X X ), ai ))®(K(Z, C(X 2 ), a 2 )) in the 
norm provided by the representation (7F1 x Z7i) ® (7r 2 x U 2 ) on £(7Y) 
is a C*-norm on the algebraic tensor product (Z x ai C(Xi)) ® (Z x tt2 
C(X 2 )). However, the crossed product Z x a . C(Xj) is nuclear (e.g., 
|n], Proposition 2.1.2), so there is only one completion, and hence the 
completion is Z 2 Xq,C(X). The statement about semicrossed products 
follows from the fact that the semicrossed product norm is, by Lemma 
14.11 the restriction of the C*-crossed product norm. 

□ 

Corollary 4.15. Let X be a finite set, a a perpendicular Z 2 - action on 
X , so that a is conjugate to t\ x r 2 acting on X\ x X 2 , where r% is a 
transitive 7L-action on Xi. If card{X\) = k, card(X 2 ) = £, then the 
semicrossed product T? + x a C(X) is identified with B k ®B^. 

Proof. This follows immediately from the above and the identification 
of Z + x a . C(Xi) with B k (i = 1) or B t (i = 2). □ 

Corollary 4.16. With the same assumptions as in Corollary \4-15\ 
Z^x a C(X) is generated by {zP k ®wPi, D k ®D e : D k G diag(M k ), D t G 
diag(Mi)}, where diag(M k ) (resp., diag(Mp)) is the algebra of diagonal 
matrices in M k (resp., M^.) 

P k G M k , and Pi G Mp have the form of the matrix in Example \J^.J\ 
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Proof. This follows from the form of Bk (See (pQ)) and the fact that the 
subalgebra of Bk consisting of matrix functions with polynomial entries 
are dense in Bk- □ 

Corollary 4.17. There are transitive J?-actions a, a' on a finite set 
X such that the semicrossed products Z 2 x a C(X) and Z 2 x a /C(X) are 
not isomorphic. 

Proof. This follows from Corollary 14.91 Example 14.41 and Corollary 

Km □ 
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